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What may be the last attempt to use geometric meth- 
ods to calculate pi is found in a textbook published in 
England in 1707. The underlying algebraic and numerical 
methods are analyzed in this paper. 
En un texto publicado en Inglaterra en 1707, se en- 
cuentra tal vez el 61timo intent0 de calcular pi por 
medio de metodos geom&ricos fundadamente. En el pre- 
sente artfculo, se analizan 10s metodos algebraicos y 
num&icos utilizados. 
Dans un manuel publie en Angleterre en 1707, on ren- 
contre ce qui est peut-&tre la derniere tentative de 
calculer pi par des methodes geometriques. Dans cet 
article, les methodes algkbriques et numkriques sous- 
jacents sont analysees. 
1. INTRODUCTION 
Early in the 18th century, John Ward published a method for 
calculating 71. Whereas earlier improvements in the value of TT 
had been based on continued doubling of the number of sides of 
polygons inscribed and circumscribed in a circle (through bi- 
section of the angles subtended by the sides at the center), 
Ward's basic idea was to begin with an inscribed hexagon and to 
trisect repeatedly the angles at the center which are subtended 
by the sides. The earlier methods required the solution of 
many quadratic equations, a reasonably straightforward process, 
while Ward's meth d required the solution of polynomial equa- 
tions of degree 3 R . Ward chose surprisingly large values of k: 
in his principal example, he took k = 16. His method for ap- 
proximating the roots of such equations showed great original- 
ity and familiarity with ideas propounded only a few years earl- 
ier by Gregory, Newton, and Dary. This method is described be- 
low in detail. It will also be seen to involve several inge- 
nious "rules of thumb," which the authors have not been able to 
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justify fully and which may be of interest to readers to pursue 
further. 
Ward's exposition was given in his Young Mathematician's 
Guide [1707; third edition, 17191. The title page of the first 
edition [Ward 17071 was reproduced in Karpinsky's History of 
Arithmetic [1965, 741. The book has been described by Karpinsky 
as "widely popular in England and imported in large quantities 
by New England booksellers. In Harvard University Ward's trea- 
tise was used for a time as a textbook." A discussion of the 
eighth edition (1747) was given by J. H. Hooker [1894], but only 
passing mention was made of Ward's work on v. 
Very little biographical information about John Ward is 
readily available. He was born in 1648, and in the Young Math- 
ematician's Guide he is described as a former Chief Surveyor 
and Gauger-General in the Excise. In the first edition he is 
simply "John Ward, Teacher of the Mathematicks;" in the third, 
he is "John Ward, Philomath, . . . now Professor of the Mathe- 
maticks in the City of Chester." M. Cantor [1898, 5041 men- 
tions Ward's historical researches concerning the time of the 
adoption of Arabic symbols for numbers. Ward refers in the 
Guide to another book of his, a Compendium of Algebra. 
There are two references to Ward, in May [1973, 3781, namely, 
Cajori and Hooker, but no references to him under "pi". Else- 
where, Cajori [1928] refers to John Ward on a number of occasions, 
but never in relation to 7. Beckmann's history [1970] does not 
refer to Ward at all. 
2. BACKGROUND TO WARD'S WORK 
Ward's method is of interest today mainly because it was 
perhaps the final attempt to calculate T through largely geo- 
metric reasoning. D. E. Smith [1911, 3951 stated: 
The last noteworthy attempt by Greek methods was the 
improvement suggested by Christian Huygens (1629-95); 
by which he was enabled to find the value [of IT] to 
nine decimal places by using only the inscribed polygon 
of 60 sides. With his labours, the ancient methods may 
be said to close. 
(In contrast, Vi&e (1540-1603) had, before this, used polygons 
of 6 l 216 sides to obtain 71 with similar accuracy by means 
of the expression 
[Beckmann 1970, 941.) In the short passage just quoted, Smith, 
was implying that calculus was used in subsequent attempts to 
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calculate 71. Ward was familiar with the earliest of these at- 
tempts. Indeed, referring to Wallis' Treatise of Algebra, Ward 
wrote (Ward's original spelling is used in all quotes): 
Again, in Page 347, the Doctor inserts a particular 
Method propos'd by Libnitius, publish'd in the Acta 
Eruditorum at Lipsick, for the Month of February 1682, 
in order to find the Circle's Area, and consequently 
its Periphery, which is this: 
As 1:To + - 
11111 
13 15 17 
infinitely ::So is the Square of the Diameter:to the Cir- 
cle's Area. But this convergeth so very slowly, that it 
is not worth the Time to pursue it. [Ward, 3421 
Ward, who certainly knew of earlier geometric methods, de- 
fended his own method as follows. After about six pages of de- 
veloping the polynomial equation and doing the calculations 
(along the lines mentioned in our Introduction), Ward obtained 
the value of 2~, correct to 15 decimal places, and pointed out: 
'Tis possible there may be some who will think this is 
tedious and troublesome Work; but if those please to 
consider, that if this Periphery were to be found by the 
aforesaid Method of Bisection, it would require these 
following Extractions. 
J:2 - J:2 + J:2 + J:2 + J:2 + J:2 + J:2 
Viz. 
+ J:2 + J:2 + J:2 + J:2 + J:2 + J:2 + J:2 
+ J:2 + J:2 + J:2 + J:2 + J:2 + J:2 + J:2 
+ J:2 + J:2 + J:2 + J:2 + J:2 + J:3 
Multiply'd into 402809984. Here the first Root (viz. 43) 
must be extracted at least to one hundred and two Places 
of Figures. The second Root (viz. J:2 + 4 3) must have 
99 Places of Figures in it. The third Root (viz. 4~2 
+ J:2 + 43) must have 96 Places in it, & c. [Ward, 348- 
3491 
The argument is convincing. Ward went on to "admire at the Pa- 
tience of the laborious Van Culen," who, as is well known, 
found n ("that Way") to 35 decimal places. 
Three observations may be made at this point. First, the 
"formula" appearing in the above quote, given in a more precise 
form by: 
136 
if 
and 
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uO 
= 43, u = J(2 + Unsl) 
n (n = 1, 2, . ..I 
V n 
= 4(2-u,) (n = 0, 1, . ..I. 
then 
2n l 3vn -+ 1T , 
is not to be found in any books detailing early methods for the 
calculation of n; Ward, however, does not claim the formula as 
his own. Second, it is interesting that no modern notation com- 
pares, for simplicity, with the one in the preceding quotation 
(compare, for example, 
or 
or 
J(2 - J(2 + J(2 + 43))) 
tbbL (2 - (2 + (2 + 3") 2) 2) 2 
with J:2 - J:2 + J:2 + 43). Third, the number 402809984 is ap- 
parently a mistake and should have been 402653184; we have not 
found any other such errors in this particular part of the book. 
3. THE GEOMETRY 
Ward's starting point was "the Property of a Circle (known 
to every Cooper) which is this. The Radius of every Circle is 
equal to the Chord of one sixth Part of its Periphery" [Ward 
1707, 3431. 
Figure 1 
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Figure 2 
Thus in Figure 1 (which is Ward's, apart from the subscripts 
on B, e, x, 21, the semicircle is trisected at F, so that AD = 
radius AF = R. 
chord AB = aI, 
Trisecting the arc AD by B1 and Z1, we put 
so (since we later take R = 1) 3*a1 is oar first 
approxim:tion for T(. Trisecting the arc AB1 by B2 and Z2, and 
putting chord AB2 = aZ, 33a2 is our second approximation. This 
process is continued, so that at the kth iterate we have the 
(magnified and distorted) situation of Figure 2. Then LAFBk = 
(6Wk) O, and it will be seen that the triangles BkekA and BkAF 
are isosceles and similar. Thus ABk/AF = Bkek/ABk, or ak/R = 
Bkek/ak- Also, Since the triangles BkZkF and ekXkF are Similar, 
and Since Aek = ABk = ak, 
. 
FB 
k 
Fek FB 
k - = - 22 - Bkek . 
BkZk ekXk ABk-l - 2ak 
That is, 
R 
R-a k2/R 
-- = . 
ak ak-l - 2ak 
Taking R = 1, we obtain 
3a -a3=a 
k k k-l ' 
k = 2, 3, . . . . (k) 
The same is true for k = 1, with a0 = AD = 1. 
Ward explicitly derived only the result (l)--that is, Eq. (k) 
with k = l--although it is clear that he understood that the pro- 
cess could be repeated. 
Intuitively, 3k+lak + 7~. This may be proved analytically, 
as follows. 
with a0 = 1. 
Let a sequencel{ak] be defined recursively by (k), 
Set uk = sin (ak/2) (k = 0, 1, . ..). Then 
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3ak - ak3 = 2 sin 3u 3-k- 1 ,n';2; 2 sin 'k-1 - Hence uk-I = 3uk, and uO = 
n/6, so uk = . Thus 
3k+1a 3k+l -k-l) 
sin(: l 3 
-k-l 
sin(t * 
) 
k=2' 3 = TI 
-k- 1 
'TI. 
'TT -a3 2 
4. THE ARITHMETIC 
Substituting (2) into (1) yields 
9a2 - 3hz3 + 27c$ - gap7 + a*' = 1. 
If, now, (3) is substituted in (A), a polynomial equation of de- 
gree 27 in a3 is obtained. (In Section 6, a general method will 
be indicated for obtaining the coefficients in this equation and 
in the polynomial equations arising from subsequent substitutions.) 
Ward carried out his substitution, but tacitly neglected all pow- 
ers of a3 beyond the 15th. This accorded with his intention, not 
made explicit at this stage, of finding HIT to 15 decimal places. 
His reason for doing this, and his means of simplifying the sub- 
sequent substitutions, are given in the following passages. 
Now, in order to facilitate the Work of raising these 
Wquations to any considerable Height, it will be con- 
venient to add a few useful Observations concerning the 
Nature, and of such Contractions as may be safely made 
in them; which, being well understood, will render the 
Work very easy. 
1. I have observ'd that every Trisection will gain 
or advance one Figure in the Circle's Periphery, but no 
more. Therefore so many Places of Figures as are at 
first design'd to be perfect in the Periphery, so many 
Trisections must be repeated to raise an Equation, that 
will produce a Chord answerable to that Design. 
2. I have also found, that all the superiour Powers 
(of a) whose Indices are greater than the Number of Tri- 
sections . . . may be wholly rejected as insignificant. 
3. When. once the Number of Trisections, and thence 
the highest Power of (of a) is determin'd, the third Pro- 
cess (viz. the third Trisection) may be made a fix'd or 
a constant Canon; for by it, and Multiplication only, 
all the succeeding Trisections (how many soever they 
are) may be compleated, without repeating the several 
Involutions. 
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4. In raising and collecting the Co-efficients of 
the several Powers, (of a) it will be sufficient to re- 
tain only so many significant Figures (at a3) as there 
is design'd to be Places of Figures in the Periphery; 
(or at most but two more) and every succeeding superiour 
Power may be allowed to decrease two Places of signifi- 
cant Figures. But herein great Care must be taken to 
supply the Places of those Figures that are omitted with 
Cyphers, that so the whole and exact Number of Places 
may be truly adjusted, otherwise all the Work will be 
erroneous. [Ward, 344-3451 
To assist in explaining these "useful Observations" (which 
we shall refer to as Ward's rules), we state first the equation 
given by Ward as the result of 16 trisections (Ward gave none 
of the intervening arithmetic beyond, in effect, the substitution 
of (3) into (A)) : 
43046721a - 332360179486968612(4)a3 + 769837653199714(20)a5 
- a491218532a41(35)a7 + 54633331143(50)a' - 230083348(66)a11 
+ 6830988(79)a l3 - 15072(94)a15 = 1. 
Having stated his intention of finding 2~ to 3.5 places (that is, 
16 "Places of Figures") Ward required, according to his first 
rule, just 16 trisections. According to the second rule, he 
ignored exponents beyond 16 in the polynomial equations. The 
third rule implies that the expression 3a - a3 need be raised 
only to the powers 3, 5, . . . . 15, and not to higher powers. The 
final rule is clear if Ward's clever device for replacing insig- 
nificant digits with ciphers (zeros) is explained: they "may 
be very conveniently denoted by Figures plac'd within a Paren- 
thesis; thus 576(8)a3, may signify 57600000000a3... . The like 
may be done with decimal Parts, thus, (,7)658 may signify 
,0000000658" [Ward, 3451. (The comma is used for the decimal 
point, as it is today in continental Europe.) 
Ward's justification of his rules was hardly adequate: 
The aforesaid Contractions may be safely made, because 
both the superiour Powers of a, which are rejected; as 
also those Numbers that are omitted in the Co-efficients 
{and supplied with Cyphers) would produce Figures so 
very remote from Unity, as that they would not affect 
the Chord design'd. That is, they would not affect the 
Chord in that Place wherein the design'd Periphery is 
concern'd. [Ward, 3451 
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Ward then set about solving the preceding equation. For his 
next approximation, he gave no justification at all: since 
the Value of a [which satisfies that equation] will have 
23 Places of Figures true . . . it will be sufficient to 
take only three Terms of the Equation; which will admit 
of being yet farther contracted, thus. Let 
43046721a - 3323601794(12)a3 + 76983765(27)a5 = 1. 
[Ward, 345-3461 
The subsequent calculations were given in complete detail. 
Summarizing, Ward set r + e = a, and then formed the cubic and 
quintic powers, rejecting powers of e greater than 3: 
r3 + 3r2e + 3re2 + e3 = a3 I 
r5 + 5r4e + 10r3e2 + 10r2e3 = a5 . 
These expressions for a3 and a5, with r replaced by l/43046721, 
were then substituted into the last equation of the quotation 
appearing immediately above. Thus, in Ward's notation, 
39119986e - 193257(9)ee - 3016(18)eee = 0,16540804. 
Ward rewrote this as 
e= (,15)8558968 + 156(5)eee (,6)2024 - e ' 
and used an iterative approach somewhat similar to the basic 
scheme attributed to James Gregory, Isaac Newton, and Michael Dary 
in 1674 [Turnbull 1939, 921. For an initial value, Ward ignored e 
on the right-hand side to get e = (,8)4. The next iterations 
produced, in turn, e = (,8)43 and e = (,8)4327, to yield a = 
(,7)24327. A slight refinement of the process and additional 
iterations enabled Ward to reach a = (,7)24326999289832033 as 
the solution of the quintic equation. 
Ward verified his accuracy by showing that the resulting in- 
scribed polygon had the perimeter 6.2831853071795859, and that 
the circumscribed polygon with the same number of sides had the 
perimeter 6.283ia53on795865. "Therefore, 3,141592653589793 will 
be the Area of the Circle whose Diameter is 2" [Ward, 3491. 
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5. CONCLUSION 
Ward's geometrical method of calculating 71 relied heavily on 
his "useful Observations," which we have not been able to verify 
in any general setting. They amount to the assumption that the 
smallest positive root of a polynomial equation can be approxi- 
mated by a root of the truncated equation in which higher powers 
are ignored. This seems to be feasible, but we have found nothing 
in the literature giving conditions on the coefficients under 
which this may be done, with bounds on the consequent error. The 
status of Ward's method, as compared with those of Archimedes, 
Vi&e, van Culen, and others, may not be fully determined until 
the validity of his observations is decided one way or the other, 
but his ingenuity deserves recognition. 
Ward ended this section of his work with the following: 
What I have here propos'd and done by the Trisection of 
an Arch, may as easily and much more speedily be per- 
form'd by Quinquesection or Septisection, &c. But be- 
cause the Scheme for Trisection is more simple, and may 
be easier understood by a Learner than those of the 
other Sections . . . I have for that reason made choice 
of Trisection. [Ward, 3491 
The final section of this chapter of Ward's Guide contained 
"a new and facile Way of making natural Sines and Tangents," 
and we end this paper by quoting his intriguing rules for cal- 
culating sines. 
If the given Arch (or Angle) be less than 45 Degrees, 
reduce it into Minutes, and multiply those Minutes into 
this constant Multiplicator, viz. 0,0002908882 calling 
the Product p. And for the Sine sought put a. Then it 
will be 
-aaaa + 12paaa - 195aa - 36ppaa + 240pa = 45pp. 
. . . But if the given Arch be greater than 45 Degrees, 
you must take its Complement to 90' . . . and reduce the 
Remainder into Minutes, as before. Then multiply the 
Square of those Minutes into this constant Multiplicator, 
0,000000084616 calling their Product p, and putting a = 
the Sine sought, as before. Then will 
a4 + 28a3 + 195aa + 36paa + 108pa - 28a = 196 - 81~. 
[Ward, 350, 3521 
142 G. L. Cohen and A. G. Shannon HM8 
6. APPENDIX: SOME ALGEBRA 
The determination of the coefficients in the polynomial equa- 
tions subsequent to Eq. (A) may be formalized as follows: 
On substituting (3) into (A), then (4) into the resulting 
equation, and so on, we obtain, after substituting (k), an equa- 
tion of the form 
b k,lak + bk,3ak 
3 + l ** + b gk = 1 
k,3kak ' 
Substitution of (k+l) into this equation leads to 
From this and 
(3k-1)/2 
c bk+l 3k2ra$2r = lJ 
r=O 
I 
the recurrence relation for bk,n is obtained by reversing the 
order of summation in (B) and comparing powers of a k+l: 
b k+l,n = 'g (-')j(n;2j)3n-3'bk,n-2j 
for n = 1, 3, 5, . . . . 3k. For example, 
b k+l,l = 3bk 1 I I 
bk+1,3 = -bk,l + 33bk,3 , 
b 
k+1,5 = 
- 3"bk 
I 
3 + 35bk 5 . 
I 
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The recurrence relation can be rewritten as 
Ebk = Ab -k ' 
where b 
-k = (bk 1, bk 3r . . . . bk 3k)T, E is the forward shift op- 
erator defined'by E&i = (bk+l I: b T 
I k+l;3' 
A = (a..) 
"k' bk+l,jk) ' and 
11 
is the square matrix of order &(3 + 1) in which 
a ij = (-1) 
i+j 2j-1 33j-i-1 
( > 
i-j if jsi<3j-1, 
=o otherwise. 
Inductively, it can be established that 
k-m E em = Ak-mb+ 2<mck. 
Thus, when m = 2, we have 
(bk 1r . . . . bk J* = Ak-2(9, -30, 27, -9, l)? 
I I 
After finding the eigenvalues and associated eigenvectors of A, 
the appropriate similarity transformation then yields, for 
example, 
k 
bk,l = 3 , 
bk,3 = &(3k - 33k), 
b 
k,5 
_ lg;o (3k _ 33k + 35k - 33k+2 + 33-k-2 - 33k-6 
+ 35k-10 _ 35k-a 
1. 
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